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I "IRODUCTION 

In th i s  report, we consider the Fixed Sa te l l i t e  Service (FSS) 

system synthesis problem, which can be described as follows: 

Communications sa t e l l i t e s  are t o  be positioned i n  the geostationary 

orbi t  and are t o  be assigned frequencies for t ransmit t ing s igna ls  t o  

t he i r  intended service areas. The primary goal i s  to  assign locations 

and frequencies t o  the sa te l l i t es  so t h a t  interference does not exceed 

a specified acceptable level. Other possible goals o r  objectives are: 

conservation of the geostationary o r b i t  v i a  minimization of the 

orbital arc occupied by the sa te l l i t es  i n  question, o r  positioning the 

s a t e l l i t e s  as closely a s  possible t o  specified "desired" locations. 

Our primary purpose is t o  suggest alternative mathematical 

programming formulations of satel l i t e  system synthesis problems i n  

th is  report. We present i n  detail mixed integer programming and 

almost linear programming formulations for each of two objectives: 

(1) positioning sa t e l l i t e s  as closely as possible t o  specified 

"desired" locations, and ( 2 )  m i n i m i z i n g  the total  length of the 

geostationary arc allocated t o  the sa t e l l i t e s  t o  be positioned. We 

report computational results f o r  four t e s t  problems w i t h  this f i r s t  

objective. We a l s o  l i s t  additional possible objectives and review 

other s a t e l l i t e  system synthesis models. Any of the models suggested 

i n  this paper can be modified to  accommodate pre-exi s t i  ng  satel 1 i t e  

systems. 
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Space communications, and 

addressed a t  t h e  World Admin 

1988 (WARC-88) . We t h i n k  t h a t  

pa r t  i cu l  a r l  y FSS al lo tments,  a re  t o  be 

s t r a t i v e  Rad o Conference t o  be he ld  i n  

op t im iza t ion  models, such as t h e  ones 

we suggest herein,  w i l l  be a ids i n  the  complex decision-making process 

t h a t  l i e s  ahead fo r  t h e  WARC-88 delegates. 

LITERATURE REVIEW 

Mathematical programming fo rmula t ions  o f  s a t e l l i t e  system 

synthes is  problems have already received a t t e n t i o n  i n  t h e  l i t e r a t u r e .  

Some o f  t h e  approaches we discuss were o r i g i n a l l y  intended f o r  

Broadcast ing S a t e l l i t e  Service (BSS) system synthesis.  We t h i n k  t h a t  

these approaches, w i t h  l i m i t e d  modi f icat ions,  are app l i cab le  t o  FSS 

system synthes is  problems as w e l l  . 
Many approaches suggested have considered on ly  t h e  frequency 

aspect o f  t he  problem. For example, Cameron proposed an i n t e g e r  

programming fo rmula t ion  t h a t  assigns one channel t o  each serv ice  area 

by s o l v i n g  a sequence o f  se t  cover ing problems [2]. The approach i n  

t h i s  model i s  t o  conserve the  spectrum by min imiz ing  t h e  number o f  

channels needed, w h i l e  enforc ing c o n s t r a i n t s  on co-channel 

in te r fe rence.  Levis,  Mar t in ,  Wang, and Gonsalvez [81 present two 

i n t e g e r  programming formulat ions o f  t h e  same frequency assignment 

problem. They a lso  suggest an i n t e g e r  programming fo rmu la t i on  t h a t  

cons iders the  assignment o f  m u l t i p l e  channels t o  a s i n g l e  se rv i ce  area 
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and takes i n t o  account adjacent-channel i n te r fe rence .  The o b j e c t i v e  

i n  t h e i r  f o rmu la t i on  i s  t o  minimize t h e  bandwidth u t i l i z e d .  Baybars 

[l] has a l s o  suggested an i n tege r  programming model t h a t  seeks t o  

minimize t h e  number of channels used w h i l e  cons ide r ing  both co-channel 

and adjacent-channel in ter ference.  

I t o ,  Mizuno, and Muratani have formulated a s a t e l l i t e  system 

synthes is  model t h a t  considers t h e  assignment o f  on l y  s a t e l l i t e  

l o c a t i o n s  [7]. The i r  model i s  a non l i nea r  program, which they suggest 

s o l v i n g  v i a  t h e  sequent ia l  unconstrained m in im iza t i on  technique. The 

o b j e c t i v e  i s  t o  minimize t h e  t o t a l  l e n g t h  o f  t he  o r b i t a l  arc  a l l o c a t e d  

t o  t h e  s a t e l l i t e s  t o  be posi t ioned; r e s t r i c t i o n s  on s i n g l e - e n t r y  and 

aggregate in ter -system in te r fe rence  are enforced. The i r  model i s  

"evol  u t i o n a l  'I: a 1 aunch sequence of t h e  sate1 1 i t e s  t o  be p o s i t i o n e d  

i s  s p e c i f i e d  a p r i o r i  ; s a t e l l i t e s  are then added according t o  t h e  

assumed launch sequence. The problem i s  e a s i e r  t o  so lve because o f  

i t s  e v o l u t i o n a l  nature; however, completed s o l u t i o n s  may be 

suboptimal. 

A non l i nea r  programming formulat ion t h a t  seeks t o  s p e c i f y  t h e  

assignment o f  both l o c a t i o n s  and frequencies has been suggested by 

Lev i s ,  Mar t in ,  Gonsalvez, and Wang [9] f o r  t h e  problem o f  syn thes i z ing  

s a t e l l i t e  systems i n  t h e  Broadcasting S a t e l l i t e  Service (BSS). This 

model i s  formulated w i t h  t h e  i n t e n t i o n  o f  maximizing t h e  minimum 

aggregate c a r r i e r - t o - i n t e r f e r e n c e  (C/ I )  r a t i o  over a1 1 given t e s t  

p o i n t s  f o r  t h e  down-link. Assigned l o c a t i o n s  and frequencies a re  

r e s t r i c t e d  t o  being w i t h i n  s p e c i f i e d  bounds. Levis, Mar t in ,  
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Gonsalvez, and Wang 191 and Mart in  e t  a1 . [ll] recommend s o l v i n g  t h i s  

model w i t h  an extended gradient search procedure. Rei 1 l y ,  Lev i  s, e t  

a l .  C151 have implemented a c y c l i c  coord inate search procedure t o  

so lve  t h i s  same model. A t  best, these search procedures are h e u r i s t i c  

methods f o r  so l v ing  synthes is  problems. R e i l l y ,  Mount-Campbell , e t  

a1 . C161 descr ibe an extensive experiment conducted t o  assess t h e  

performance o f  these search methods on a small t e s t  problem. The i r  

f i n d i n g s  i n d i c a t e  t h a t  t h e  c y c l i c  coord inate method c o n s i s t e n t l y  f i n d s  

b e t t e r  synthes is  so lu t i ons  a t  the expense o f  g rea ter  computing time. 

Other h e u r i s t i c  procedures have been suggested f o r  s a t e l l i t e  

system synthes is  problems. For example, Choui nard and Vachon descr ibe 

an enumerati ve method f o r  making channel and pol  a r i  z a t i  on assignments, 

g iven f i x e d  o r b i t a l  pos i t i ons  f o r  t he  s a t e l l i t e s  being considered [3]. 

Nedzel a and Sidney have devel oped two a1 g o r i  thms f o r  ass i  gni  ng 

l oca t i ons ,  channels, and po la r i za t i ons  t o  s a t e l l i t e  systems [12]. I n  

these algor i thms, one s a t e l l i t e  i s  se lected f o r  l oca t i on ,  channel, and 

p o l a r i z a t i o n  assignments a t  a time. This  s a t e l l i t e  i s  se lected 

because i t  has the  l e a s t  remaining "freedom" f o r  assignments among the  

s a t e l l i t e s  y e t  t o  be selected. An i n t e r a c t i v e  method f o r  ass ign ing 

l oca t i ons ,  channels, and po la r i za t i ons  i s  descr ibed by Chr istensen 

C41 

Ottey, Su l l i van ,  and Zusman [131 suggest several  ob jec t i ves  

r e l a t e d  t o  i n te r fe rence  for mathematical programming fo rmula t ions  o f  

sate1 1 i t e  synthesi  s problems. 
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The synthes is  models we present i n  t h i s  r e p o r t  d i f f e r  from others 

we have mentioned i n  t h a t  we make no assumptions about a launch 

sequence o r  about f i xed  o r b i t a l  p o s i t i o n s  as o the r  authors have done. 

We do not  equate t o p o c e n t r i c  and geocentr ic  angles as I t o ,  Mizuno, and 

Muratani  d i d  [7]. These new models are extensions o f  models suggested 

by R e i l l y ,  Levis,  e t  a1 . [15], Levis,  Wang, e t  a1 . [lo], and Wang 

C181. F i n a l l y ,  we a l so  suggest f i v e  poss ib le  o b j e c t i v e s  t h a t  we t h i n k  

have not  appeared i n  t h e  open l i t e r a t u r e  before. 

MINIMUM SATELLITE SEPARATIONS 

The formulat ions described below r e l y  on t h e  ex is tence o f  a known 

r e q u i r e d  minimum separat ion,  measured i n  degrees o f  geostat ionary 

o r b i t a l  arc, f o r  each p a i r  o f  s a t e l l i t e s .  As f a r  as t h e  models and 

s o l u t i o n  methods discussed here are concerned, these separat ion values 

might  be se lected a r b i t r a r i l y ,  e.g., a un i fo rm 20 separat ion o r  

separat ions f i x e d  by i n t e r n a t i o n a l  agreement; however, values t h a t  

r e l a t e  more d i r e c t l y  t o  the  achievement o f  acceptable in ter -system 

i nte r fe rence  can be incorporated as we1 1 . 
I n  our experimental work, we have used separat ions c a l c u l a t e d  

w i t h  a computerized procedure developed by Wang C181 f o r  determin ing 
, 

t h e  requ i red  minimum o r b i t a l  separat ion between two s a t e l l i t e s ,  w i t h  

e l l i p t i c a l - b e a m  antennas, needed t o  assure t h a t  s ing le -en t r y  

co-channel C / I  r a t i o s  a t  assumed ground s t a t i o n s  ( t e s t  p o i n t s )  a long 
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t h e  boundaries of t h e  areas served by t h e  s a t e l l i t e s  a re  a t  l e a s t  

equal t o  some threshold,  fo r  example, 30 dB. Th is  requ i red  separat ion 

v a r i e s  as t h e  mean p o s i t i o n  o f  t h e  s a t e l l i t e s  changes, b u t  t h e  

v a r i a t i o n  appears t o  be small  for  a t  l e a s t  some p r a c t i c a l  scenar ios.  

Wang t h e r e f o r e  suggests t h a t  a l l  f e a s i b l e  o r b i t a l  l o c a t i o n s  be 

considered when c a l c u l a t i n g  the  requ i red  minimum separa t ion  values, 

and t h a t  t h e  maximium of these f o r  each s a t e l l i t e  p a i r  over t h e  

a l l owab le  range o f  o r b i t  pos i t i ons  be used i n  s a t e l l i t e  system 

synthes is  models. Th is  was done i n  t h e  examples shown l a t e r  i n  t h i s  

repo r t .  I n t e r e s t e d  readers are d i r e c t e d  t o  Wang ClS], Levis,  Wang, e t  

a l .  [lo],  and R e i l l y ,  Levis, e t  a l .  C151 f o r  a more complete 

t rea tment  o f  t h i s  separat ion concept; a l s o  see Yamamura and Lev i s  

C19] f o r  s imi  1 a r  work regarding s a t e l  1 i t e s  w i t h  c i  r c u l  ar-beam 

antennas. 

Other model s f o r  s a t e l  1 i t e  system synthes is  have used s imi  1 a r  

separa t ion  concepts. For example, an extens ion o f  t h e  model devel oped 

by I t o ,  Mizuno, and Muratani C7], which i s  descr ibed i n  C171, uses a 

spaci  ng m a t r i  x o f  sa te l  1 i t e  separat ion Val ues ca l  c u l  a ted  t o  guarantee 

t h a t  s ing le -en t r y  i n te r fe rence  requirements w i l l  be met. The spacing 

va lues are  computed, g iven t h e  c u r r e n t  l o c a t i o n s  of t h e  s a t e l l i t e s  

a1 ready pos i t ioned.  Christensen C41 descr ibes separa t ion  values t h a t  

a r e  c a l  c u l  a ted  assuming t h a t  t h e  requ i  r e d  separa t ion  between two 

s a t e l  l i t e s  i s  approximately constant regard less o f  t h e  p o s i t i o n s  o f  

t h e  s a t e l l i t e s  on t h e  o r b i t a l  arc. 
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Wang's separat ion values were used i n  t h e  t e s t  problems we 

present. As s t a t e d  e a r l i e r ,  the pr imary goal i n  s a t e l l i t e  synthes is  

models i s  t o  prevent excessive i n te r fe rence .  The aggregate 

i n t e r f e r e n c e  a t  each t e s t  po int ,  i.e., t h e  i n t e r f e r n c e  due t o  a l l  

unwanted s a t e l l i t e  s ignals ,  i s  t h e  q u a n t i t y  o f  concern; b u t  t h e  

minimum pa i rw ise  separat ions recommended by Wang correspond t o  

s i n g l e - e n t r y  i n t e r f e r e n c e  caused by one s a t e l l i t e  a t  a t ime  a t  each 

t e s t  po in t .  I n  p r a c t i c e ,  i t  i s  found t h a t  t h e  aggregate i n t e r f e r e n c e  

requ i  rement can by s a t i s f i e d  by imposing a more s t r i n g e n t  requi  rement , 
t y p i c a l l y  an a d d i t i o n a l  5 dB, on t h e  s i n g l e - e n t r y  i n te r fe rences .  As 

an example, suppose we r e q u i r e  aggregate C / I  r a t i o s  of a t  l e a s t  25 dB. 

Appropr ia te s a t e l  1 i t e  separations might be c a l c u l a t e d  assuming a 

s i n g l e - e n t r y  co-channel p r o t e c t i o n  r a t i o  o f  about 30 dB. Such a 

procedure was adopted f o r  WARC-77 C51 and has proved v a l i d  i n  our t e s t  

problems, as demonstrated below. 

The s i g n i f i c a n c e  o f  t h e  minimum separat ion concept i s  t h a t  we 

avoid, i n  t h e  opt imizat ion,  t h e  cumbersome expressions for  

i n t e r f e r e n c e  t h a t  o thers such as I t o ,  Mizuno, and Muratani [7], Levis,  

Mar t in ,  Gonsalvez, and Wang [9], M a r t i n  e t  a l .  [ll], and R e i l l y ,  

Mount-Campbell, e t  a l .  [16] have used prev ious ly .  I n  t h e  p lace o f  

these expressions, we use a conservat ive constant separat ion value fo r  

each p a i r  of s a t e l l i t e s ,  equal t o  t h e  l a r g e s t  o f  t he  separat ion values 

c a l  c u l  a ted over t h e  s a t e l  1 i t e s  ' f e a s i b l e  o r b i t a l  arcs, as recommended 

by Wang [18]. I n  e f f e c t ,  t h e  problem has been separated i n t o  two 

p a r t s :  f i r s t ,  t h e  c a l c u l a t i o n  o f  separat ions based on i n t e r f e r e n c e  
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requirements, and then the opt imiza t ion  of the sa t e l l i t e  orbit 

positions, subject t o  the separation constraints. 

MIXED INTEGER PROGRAMIN6 FORMULATION 

Usi ng the m i  n i  m u m  sate1 1 i te separation Val ues descri bed above, we 

can formulate the FSS satel l i te  system synthesis problem as a mixed 

integer program (MIP). A branch-and-bound a1 gorithm can be used t o  

solve th i s  model f o r  a g loba l  optimum. However, most integer 

programming problems are among the most computationally diff icul t  

op t imiza t ion  problems t o  solve. S o l u t i o n  times tend t o  increase 

dramatically w i t h  increases i n  the number of decision variables t h a t  

are restricted t o  integer values; i n  f a c t ,  solution times may grow 

exponent i a1 l y  as the number o f  d i  screte-Val ued vari ab1 es increases 

1 inearly. Therefore, i n  practice, the usefulness of this  formulation 

for solving large synthesis problems t o  opt imal i ty  i s  suspect. 

However, attractive feasible solutions are likely t o  be found by 

terminating the branch-and-bound solution procedure prematurely, for 

example, after a specified number of solutions i s  examined. 

Before presenting the MIP formulation, we s ta te  our assumptions 

and def i ne our parameters and deci s i  on vari ab1 es. 

Assumptions: 

1. Easternmost and westernmost feasible locations are given 

fo r  each sa te l l i t e .  Issues such as m i n i m u m  elevation 
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angle and r a i n  at tenuat ion may be considered i n  s e t t i n g  

these l o c a t i o n  l i m i t s .  

2. Minimum requ i red  separations are known f o r  a l l  p a i r s  o f  

sate1 1 i t e s  . These may be es tab l  i shed empi r i  c a l  ly, o r  they 

may have been ca lcu lated from t h e  i n t e r f e r e n c e  

requirements w i t h  s u i t a b l e  frequency and p o l a r i z a t i o n  

assumptions. 

3. An des i red l o c a t i o n  i s  s p e c i f i e d  f o r  each s a t e l l i t e .  

4. The o b j e c t i v e  i s  t o  minimize t h e  sum o f  t h e  absolute 

d e v i a t i o n s  o f  t h e  s a t e l l i t e s '  prescr ibed l o c a t i o n s  f r o m  

t h e i r  des i red locat ions.  

Pa ramet e rs : 

e j ,  W j  = easternmost o r  westernmost f e a s i b l e  l o c a t i o n  f o r  

s a t e l l i t e  j i n  degrees west longi tude.  

e = min { e j }  , w = max { w j }  . 
j j 

d j  = des i red l o c a t i o n  f o r  s a t e l l i t e  j i n  degrees west 

1 ongi tude. 

A S i  j = minimum requ i red  separat ion between s a t e l l i t e s  i 

and j i n  degrees longi tude. 

Deci s i  on Var i  ab1 es : 

x j  = r e l a t i v e  l o c a t i o n  (degrees west o f  e j  i n  degrees 

west l o n g i t u d e )  o f  s a t e l l i t e  j. 
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+ -  
X j ,  X j  = degrees west(+) o r  e a s t ( - )  o f  i t s  des i red  l o c a t i o n  

t h a t  s a t e l l i t e  j i s  located. 

X i j  = 1 i f  s a t e l l i t e  i i s  l oca ted  west o f  s a t e l l i t e  j 

0 otherwise 

The FSS s a t e l l i t e  synthesis problem can now be formulated as a 

mixed i n t e g e r  program as fo l lows:  

Min imize z = C(Xj+Xj)  
+ -  

j 
+ -  

Subject  t o  X j - X j + X j  = d j - e j  

X j  < Wj-ej  f o r  a l l  j ( 5 )  

f o r  a l l  j (6) 

f o r  a l l  i,j 
where i<j  (7) 

The o b j e c t i v e  func t ion  (1) t o t a l s  a l l  o f  t h e  absolute dev ia t i ons  

prescr ibed sate1 1 i t e  l o c a t i o n s  f rom t h e  corresponding des i  red  o f  t h e  



l oca t i ons .  The dev ia t i ons  themselves are measured i n  t h e  f i r s t  se t  o f  

c o n s t r a i n t s  (2 ) .  Const ra in ts  o f  t ype  (5 )  ensure t h a t  f e a s i b l e  

l o c a t i o n s ,  those t h a t  permit  the i l l u m i n a t i o n  o f  each s a t e l l i t e ' s  

s e r v i c e  area ( 5 )  , are  selected f o r  a1 1 sate1 1 i t e s  . These c o n s t r a i n t s  

should be enforced as simple bounds r a t h e r  than as e x p l i c i t  s t r u c t u r a l  

c o n s t r a i n t s .  Nonnegat iv i ty  o f  continuous v a r i a b l e s  and i n t e g r a l i t y  o f  

b i n a r y  v a r i a b l e s  a re  enforced by c o n s t r a i n t  sets  ( 6 )  and (7), 

respect  i vel  y . 
Cons t ra in t s  (3) and (4) requ i re  specia l  exp lanat ion.  For each 

p a i r  o f  s a t e l l i t e s  i and j, e x a c t l y  one o f  t h e  c o n s t r a i n t s  o f  types 

( 3 )  and (4 )  w i l l  be redundant. The one t h a t  i s  redundant i s  

determined by whether s a t e l l i t e  i i s  l oca ted  west o f  s a t e l l i t e  j, or 

v i c e  versa. The nonredundant c o n s t r a i n t  enforces t h e  requ i red  

separat ion between s a t e l l i t e s  i and j. (These c o n s t r a i n t s  are an 

example o f  dichotomous o r  "e i t he r -o r "  c o n s t r a i n t s  which are commonly 

used t o  model necessary l o g i c a l  r e l a t i o n s h i p s  i n  i n t e g e r  programming 

app l i ca t i ons . )  I f  X i j  = 1, t h a t  i s ,  i f  s a t e l l i t e  i i s  l oca ted  west o f  

s a t e l l i t e  j, (3) and (4) reduce t o :  

C o n s t r a i n t  (4a) would be redundant i n  t h i s  case. The constant (e-w) 

which appears i n  (4a) i s  the a d d i t i v e  i nve rse  o f  t h e  l e n g t h  o f  t h e  

e n t i r e  arc  segment being considered; hence, (4a) can never be 
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v i o l  ated. The requ i  red  sate1 1 i t e  separat ion woul d be enforced by 

c o n s t r a i n t  (3a). I f  X i j  = 0, the constants on t h e  r ight -hand sides o f  

(3a) and (4a) would be interchanged. Cons t ra in t  (4a) would enforce 

t h e  requ i red  s a t e l l i t e  separat ion and (3a) would be redundant. 

+ 
A t  most one of t h e  var iab les X j  and x i  should be p o s i t i v e  a t  a 

so lu t i on .  For tunate ly ,  t h i s  i s  guaranteed by t h e  simplex method f o r  

l i n e a r  programming t h a t  would be used t o  so lve l i n e a r  programming 

subproblems du r ing  t h e  execution of branch-and-bound procedures. To ' 

i l l u s t r a t e  t h e  meaning of X j  and x7, cons ider  a s a t e l l i t e  j, wi th  a 

des i red  l o c a t i o n  o f ,  say, d j  = 75OW and an easternmost f e a s i b l e  

l o c a t i o n  of, say, e j  = 65014, the  values o f  X j ,  X j ,  and X: t h a t  

correspond t o  t h r e e  d i f f e r e n t  l o c a t i o n s  o f  s a t e l l i t e  j are shown 

+ 

+ 

b e l  ow: 
- + 

xj xj  xj  

70OW 5 0 5 

Locat i on 

7 5ow 10 0 0 

8loW 16 6 0 

+ 
A t  opt imal so lu t i ons ,  X j ,  which can never be negat ive,  w i l l  be 

p o s i t i v e  i f  and o n l y  i f  the l o c a t i o n  prescr ibed f o r  s a t e l l i t e  j i s  

west o f  i t s  des i red l o c a t i o n .  S i m i l a r l y ,  x j ,  which can a l s o  never be 

negat ive,  w i l l  be p o s i t i v e  i f  and on ly  i f  t h e  opt imal l o c a t i o n  f o r  

s a t e l l i t e  j i s  east o f  i t s  desired l o c a t i o n .  One may recognize t h a t  

values o the r  than those given above f o r  X j  and x j  a re  f e a s i b l e .  

Consider t h e  case when s a t e l l i t e  j i s  l oca ted  a t  810, then f o r  

+ 
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+ 
example, X j  = 13 and x j  = 7 are a l s o  feas ib le ,  w h i l e  no t  s a t i s f y i n g  

t h e  c o n d i t i o n  t h a t  on l y  one can be p o s i t i v e .  However, these o the r  

s e t s  o f  values f o r  t h e  var iab les w i l l  r e s u l t  i n  a l e s s  d e s i r a b l e  

o b j e c t i v e  f u n c t i o n  value. A t  an opt imal s o l u t i o n ,  a t  l e a s t  one o f  t he  

v a r i a b l e s  X j  and x j  w i l l  have value zero. 
+ 

I n  t h i s  formulat ion,  we have been able t o  i n c l u d e  two o f  t h e  

o b j e c t i v e s  which were mentioned i n  t h e  i n t r o d u c t i o n .  F i r s t  o f  a l l ,  

i n t e r f e r e n c e  i s  kept  i n  check through the  enforcement o f  c o n s t r a i n t  

s e t s  ( 3 )  and (4) .  Secondly, t h e  o b j e c t i v e  f u n c t i o n  (1 )  favors 

synthes is  s o l u t i o n s  i n  which t h e  s a t e l l i t e s  c o l l e c t i v e l y  assume 

p o s i t i o n s  near t h e i r  des i red locat ions.  

S o l u t i o n  t imes f o r  mathematical programming model s are dependent 

upon the  number o f  c o n s t r a i n t s  and t h e  number o f  va r iab les  inc luded i n  

t h e  model. Suppose we wish t o  so lve a synthes is  problem i n  which 

t h e r e  a re  m s a t e l l i t e s .  I n  t h i s  case, our fo rmu la t i on  w i l l  have m2+m 

s t r u c t u r a l  c o n s t r a i n t s  ( Z ) ,  (3), and ( 4 ) ,  3m continuous va r iab les  and 

m(m-1)/2 b i n a r y  var iab les.  For m=100, we w i l l  have 4950 b nary 

va r iab les .  Without question, a synthes is  problem o f  t h i s  magn tude 

would be d i f f i c u l t  t o  solve unless an e f f i c i e n t  special-purpose 

s o l u t i o n  procedure were developed. One poss ib le  approach i s  t o  

decompose a 1 arge problem i n t o  small e r  probl  ems t h a t  are considerably  

e a s i e r  t o  solve; be 

combined t o  y i e l d  a complete, but  perhaps suboptimal, s o l u t i o n .  

t h e  so lu t i ons  t o  t h e  smal ler  problems would then 
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We present another model for the same synthesis problem i n  the 

next section. In th i s  second model, we employ only continuous 

variables. While we are not certain t o  f i n d  a global  opt imum when we 

use th i s  second formulation, we expect considerably shorter computing 

times, especially for synthesis problems w i t h  100 o r  more sa te l l i t es .  

ALMOST LINEAR PROGRMING FORMULATION 

Linear programming problems are among the most readily sol vabl e 

op t imiza t ion  problems. Solution times tend t o  grow slowly as the 

number of decision variables i s  increased. Increases i n  the number of 

structural constraints typically produce polynomial increases i n  

solution times. I t  would be a dist inct  advantage i f  we were able t o  

formulate sa t e l l i t e  synthesis problems as linear programs. Below, we 

describe a formulation w h i c h  i s  nearly a linear program. The logica l  

relationships which we enforced w i t h  binary variables i n  the 

formulation of the previous section can n o t  be modeled excl usi vely 

w i t h  linear functions of continuous variables. I f  we are w i l l i n g  t o  

model these logical relationships w i t h  nonlinear functions which we 

w i l l  enforce i n  a manner different from t h a t  used t o  enforce the 

remaining linear constraints, we may use the essential elements of the 

simplex method for linear programming t o  f i n d  solutions t o  the 

synthesis problem. 

We f i r s t  define new continuous variables for th i s  formulation: 
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P i j ,  n i j  = degrees west or east  o f  s a t e l l i t e  j t h a t  

s a t e l l i t e  i i s  l oca ted  

Our almost l i n e a r  programming (ALP) f o rmu la t i on  i s :  

+ 
M i n i n i z e  z = 1 (Xj+X$ 

j 

+ 
Subject  t o  X j - X j + X j  = d j - e j  

+ n i j  > A S i j  P i j  

X j  < Wj-ej  

f o r  a l l  j (9)  

f o r  a l l  i,j 
where i c j  (10) 

f o r  a l l  i,j 
where i c j  (11) 

f o r  a l l  j (12) 

f o r  a l l  j (13) 

f o r  a l l  i,j 
where i<j  (14) 

f o r  a l l  i,j 
where i c j  (15) 

The o b j e c t i v e  f u n c t i o n  (8) and t h e  c o n s t r a i n t s  of types (9), 

(12),  and (13) are i d e n t i c a l  to, and serve t h e  same purposes as, t h e i r  

counterpar ts  i n  t h e  mixed i n t e g e r  programming fo rmula t ion .  The 
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absolute d i s tance  between s a t e l l i t e s  i and j i s  measured by t h e  sum o f  

n i j  and P i j  i n  c o n s t r a i n t s  (10). I n  t h e  c o n s t r a i n t s  o f  t ype  (111, we 

guarantee t h a t  these d is tances are a t  l e a s t  equal t o  t h e  corresponding 

minimum separations. Nonnegat iv i ty r e s t r i c t i o n s  on t h e  new v a r i a b l e s  

a r e  enforced by c o n s t r a i n t s  (14). The non l i nea r  c o n s t r a i n t s  o f  type 

(15)  serve an impor tant  purpose. A s a t e l l i t e  can not  be l oca ted  bo th  

eas t  and west o f  another s a t e l l i t e ;  i t  i s  necessary t o  i n c l u d e  these 

c o n s t r a i n t s ,  as no o the rs  preclude a s o l u t i o n  suggest ing such a 

phys i ca l  i m p o s s i b i l i t y .  These complementari ty c o n s t r a i n t s  r e q u i r e  

t h a t  a t  l e a s t  one of t h e  var iab les P i  j and n i  j must have value zero, 

f o r  each p a i r  o f  s a t e l l i t e s .  

Were it not  f o r  t h e  complementarity c o n s t r a i n t s  (15), t h i s  model 

c o u l d  be solved us ing t h e  simplex method f o r  l i n e a r  programming. With 

a s l i g h t  m o d i f i c a t i o n  i n  t h e  simplex procedure, we have a h e u r i s t i c  

a1 g o r i  thm t o  so lve t h e  probl em formul a ted  above. Thi  s modi f i ed 

a l g o r i t h m  i s  c a l l e d  the  simplex method w i t h  r e s t r i c t e d  bas i s  e n t r y  

(RBE) [6,14]. The so lu t i ons  found t o  s a t e l l i t e  synthes is  problems 

w i t h  t h i s  procedure may not be g lobal  optima. 

This  fo rmu la t i on  has m2t2m cont inuous v a r i a b l e s  and m2+m 

c o n s t r a i n t s ,  where m i s  t he  number o f  s a t e l l i t e s .  Although t h i s  model 

i s  r e a l l y  no smal ler  than t h e  mixed i n t e g e r  progamming model, it i s  

expected t h a t  s u b s t a n t i a l l y  less computing t ime w i l l  be needed t o  f i n d  

s o l u t i o n s ,  e s p e c i a l l y  when the number o f  s a t e l l i t e s  i s  large.  The 

absence o f  d i  screte-Val  ued v a r i  ab1 es may be a s i  gn i  f i cant  advantage, 
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p a r t i c u l a r l y  when s o l v i n g  problems w i t h  a l a r g e  value o f  m. 

Furthermore, h e u r i s t i c  approaches, such as t h e  simplex method w i t h  RBE 

i n  t h i s  case, tend t o  f i n d  b e t t e r  approximate s o l u t i o n s  as problem 

s i z e  increases. 

I n  t h e  next sect ion,  we suggest a d d i t i o n a l  synthes is  fo rmu la t i ons  

which consider t h e  min imizat ion o f  t h e  l e n g t h  o f  t h e  o r b i t a l  arc  

occupied by t h e  s a t e l l i t e s  we seek t o  p o s i t i o n .  

MINIM ORBITAL ARC UTILIZATION AS AN OBJECTIVE 

p o s i t i o n s  i n  t h i s  o r b i t  w i l l  cont inue t o  increase. 

accommodate requests f o r  add i t i ona l  sate1 1 i t e  p o s i t i o n s  

a reasonabl e a1 t e r n a t  i ve object  i ve woul d be t o  m i  n i  m i  ze 

The o b j e c t i v e  of l o c a t i n g  s a t e l l i t e s  as near as p o s s i b l e  t o  

s p e c i f i e d  des i red l o c a t i o n s  i s  a reasonable goal. However, it i s  not  

t h e  o n l y  v i a b l e  ob jec t i ve .  The geostat ionary o r b i t  i s  a l i m i t e d  

n a t u r a l  resource, and i t  i s  l i k e l y  t h a t  t h e  demand f o r  s a t e l l i t e  

I n  o rde r  t o  

i n  t h e  f u t u r e ,  

t h e  l e n g t h  o f  

a r c  occupied by t h e  s a t e l l i t e s  t o  be PO i t i o n e d .  With 

ca t i on ,  our mathematical programming fo rmu la t i ons  can 

t h i s  new ob jec t i ve .  Assumptions ( 3 )  and ( 4 ) ,  from our 

e a r l i e r  formulat ions,  a re  now re laxed i n  t h e  fo rmu la t i ons  t h a t  seek t o  

min imize the  l eng th  o f  t he  occupied o r b i t a l  arc. 

Two new va r iab les  are needed f o r  t h e  formulat ions t h a t  cons ider  

t h e  u t i l i z a t i o n  o f  t he  o r b i t a l  arc :  

t h e  o r b i t a  

some modif 

accommodate 
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xo = dummy s a t e l l i t e  l o c a t i o n  a t  t h e  eastern edge o f  t h e  

occupied arc,  equal t o  t h e  l o c a t i o n  of t h e  eastern- 

most sate1 1 i t e .  

xm+l = dummy s a t e l l i t e  l o c a t i o n  a t  t h e  western edge o f  t h e  

occupied arc,  equal t o  t h e  l o c a t i o n  o f  t h e  western- 

most s a t e l l l i t e .  

The new M I P  f o rmu la t i on  i s :  

Minimize z = Xm+l-XO 

Subject  t o  

XO - X j  < e j  f o r  j=1,2,. . . ,m (19) 

Xm+l - X j  a e j  f o r  j=l,Z,...,m (20) 

X j  < Wj-ej f o r  j=l,2,.. .,m (21) 

x j  a 0 f o r  j=O,l,...,m+l (22)  

f o r  a l l  1 c i , j  <m 
where i<j (23) 
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The o b j e c t i v e  f u n c t i o n  (16) seeks t o  minimize t h e  d i s tance  

between t h e  dummy s a t e l l i t e  l oca t i ons  xo and Xm+l,  which i s  t h e  l e n g t h  

of t h e  arc  occupied by t h e  s a t e l l i t e s  t o  be pos i t ioned.  Cons t ra in t  

types (17) and (18) enforce t h e  minimum s a t e l l i t e  separat ion 

requirements t o  ma in ta in  i n t e r f e r e n c e  a t  an acceptable l e v e l  . 
Cons t ra in t  se ts  (19) and (20) f o r c e  xo and x,+l t o  assume values 

which d i f f e r  by a t  l e a s t  as much as t h e  g rea tes t  separat ion between 

any two s a t e l l i t e s .  The loca t i ons  p resc r ibed  f o r  t h e  s a t e l l i t e s  are 

r e s t r i c t e d  t o  feas ib le  por t ions o f  t h e  o r b i t a l  a rc  by c o n s t r a i n t  s e t  

(21). The remaining c o n s t r a i n t s  (22) and (23) ensure t h e  

n o n n e g a t i v i t y  o f  t h e  continuous v a r i a b l e s  and the  i n t e g r a l i t y  o f  t h e  

i nteger  v a r i  ab1 es. 

The analogous ALP formulat ion i s :  

Minimize z = X m + l  - xo 

Subject  t o  

X i - X j - P i j + n i j  = e j - e i 

19 

f o r  a l l  1 <i,j cm 
where i<j (25) 

f o r  a l l  1 c i , j  <m 
where i<j (26) 

f o r  j=l,Z,...,m (27) 

f o r  j=1,2,...,m (28) 



X j  < Wj-ej  f o r  j=1,2, ..., m (29) 

p i j * n i j  = 0 

f o r  j=O,l,...,m+l (30) 

f o r  a l l  1 c i , j  cm 
where i c j  (31) 

f o r  a l l  1 c i , j  cm 
where i<j (32) 

The o b j e c t i v e  func t ion  (24)  i s  t h e  same as t h a t  i n  t h e  prev ious  

model. The ac tua l  separat ions between a l l  p a i r s  o f  s a t e l l i t e s  a re  

determined i n  c o n s t r a i n t  s e t  (25). Cons t ra in ts  o f  type  (26)  en force  

requ i red  minimum separat ions between a l l  p a i r s  o f  s a t e l l i t e s .  

Cons t ra in t  sets  (27) and (28) guarantee t h a t  xo and Xm+l  w i l l  d i f f e r  

by a t  l e a s t  as much as the grea tes t  separa t ion  between any two 

s a t e l l i t e s .  Feas ib le  l oca t i ons  f o r  t h e  s a t e l l i t e s  a re  ensured by 

c o n s t r a i n t s  (29). Nonnegat iv i ty  and complementarity r e s t r i c t i o n s  on 

t h e  dec is ion  va r iab les  are enforced by c o n s t r a i n t s  (30), (31), and 

(32). 

For a synthes is  problem w i t h  m s a t e l l i t e s ,  t h e  M I P  would have 

m2+2m cons t ra in t s ,  m+2 continuous var iab les ,  and m(m-1)/2 d i s c r e t e  

var iab les .  There would be m2+2m c o n s t r a i n t s  and m2+2 va r iab les  i n  t h e  

ALP. 
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These new models may be solved v i a  t h e  same methods as t h e  models 

presented e a r l i e r .  The la rge  number o f  d i sc re te -va lued  va r iab les  i n  

t h e  M I P  means t h a t  f i n d i n g  a s o l u t i o n  w i l l  r e q u i r e  a l eng thy  e f f o r t .  

The ALP i s  expected t o  requi re  l e s s  computing t ime, bu t  t h e r e  Ss no 

guarantee t h a t  a g lobal  optimal s o l u t i o n  w i l l  be found. 

OTHER POSSIBLE FORMULATIONS 

Our pr imary purpose i n  t h i s  r e p o r t  i s  t o  suggest a l t e r n a t i v e  

fo rmu la t i ons  o f  s a t e l l i t e  system synthes is  problems. Thus f a r ,  two 

d i f f e r e n t  o b j e c t i v e  funct ions have been considered i n  our 

formulat ions.  These ob jec t i ves  do no t  c o n s t i t u t e  an exhaust ive l i s t  

o f  reasonable ob jec t i ves .  Given a s e t  o f  minimum s a t e l l i t e  

separat ions t h a t  ensure s a t i s f a c t o r y  p r o t e c t i o n  from i n t e r f e r e n c e ,  a 

v a r i e t y  o f  a d d i t i o n a l  MIP's and ALP'S  might be formulated. 

Some examples o f  add i t i ona l  o b j e c t i v e s  t h a t  can be used along 

w i t h  t h e  minimum s a t e l l i t e  separat ion concept i n  mathematical 

programming fo rmu la t i ons  o f  s a t e l l i t e  synthes is  problems are: 

1. M in im iza t i on  of a weighted sum o f  t h e  d e v i a t i o n s  o f  

assigned s a t e l l i t e  l oca t i ons  from corresponding pre-  

assigned des i red locat ions.  

2. M in im iza t i on  o f  t h e  l a r g e s t  d e v i a t i o n  of any 

s a t e l l i t e ' s  assigned l o c a t i o n  from i t s  des i red  l o c a t i o n .  
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3. Maximizat ion o f  t h e  smal lest  separat ion between any 

p a i r  o f  adjacent s a t e l l i t e s .  

4. Min imiza t ion  of a weighted combination o f  a rc  l e n g t h  

and absol Ute dev ia t ions  between t h e  sate1 1 i t e s  ' 
des i red  and assigned loca t ions .  

5. Maximizat ion o f  t h e  minimum amount, among a l l  s a t e l l i t e  

pa i r s ,  by which an actual  separat ion exceeds t h e  

minimum requ i red  separation. 

The synthes is  s o l u t i o n s  found f o r  some o f  these o b j e c t i v e s  may 

e x h i b i t  spec ia l  des i rab le  proper t ies.  For example, i t  i s  expected 

t h a t  ob jec t i ves  (2), ( 3 ) ,  and ( 5 )  would f o r c e  t h e  performance measures 

f o r  t h e  i n d i v i d u a l  s a t e l l i t e s ,  f o r  example, t h e  d e v i a t i o n  o f  an 

assigned l o c a t i o n  f rom t h e  corresponding des i red  l o c a t i o n  f o r  

a d d i t i o n a l  o b j e c t i v e  2, t o  have s i m i l a r  values, w i t h  no regard f o r  t h e  

t o t a l  o f  t h e  s a t e l l i t e s '  performance measures. An opt imal  s o l u t i o n  

would then be about equa l ly  a t t r a c t i v e  f o r  a l l  admin is t ra t ions .  Thus, 

no admin i s t ra t i on  would be penal ized i n  a d i sp ropor t i ona te  manner by 

i mpl ementat i on o f  t h e  so l  u t i  on found. 

SOLUTIONS TO TEST PROBLEMS 

I n  t h i s  sect ion,  we present t h e  so lu t i ons  obta ined f o r  f o u r  

problems, using t h e  M I P  and ALP fo rmula t ions  w i t h  t h e  syn thes is  t e s t  
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o b j e c t i v e  o f  p o s i t i o n i n g  t h e  s a t e l l i t e s  as near as p o s s i b l e  t o  des i red 

l o c a t i o n s .  S i x  South American a d m i n i s t r a t i o n s  - Argent ina (ARG), 

B o l i v i a  (BOL), C h i l e  (CHL), Paraguay (PRG), Peru (PRU), and Uruguay 

(URG) - each w i t h  one s a t e l l i t e ,  are inc luded i n  t h e  f i r s t  t h r e e  t e s t  

problems. A s ing le -en t r y  p r o t e c t i o n  r a t i o  o f  30 dB i s  assumed, w i t h  

t h e  i n t e n t  o f  achiev ing aggregate C / I  r a t i o s  o f  a t  l e a s t  25 dB. These 

t e s t  problems and s o l u t i o n s  are t h e  same as those presented by Levis,  

Wang, e t  a l .  [lo]. However, our M I P  f o rmu la t i on  i s  d i f f e r e n t  than 

t h e  one used by Levis,  Wang, e t  a l .  We have fewer cont inuous 

v a r i a b l e s  and c o n s t r a i n t s  i n  our M I P  formulat ion.  The s o l u t i o n  t imes 

we r e p o r t  f o r  our M I P  formulat ion are t h e r e f o r e  more The 

M I P  problems were solved wi th  a branch-and-bound code; t h e  simplex 

method w i t h  RBE was used t o  solve t h e  ALP problems. A l l  computer runs 

were made on an I B M  3081-D computer a t  The Ohio S ta te  U n i v e r s i t y .  

favorable.  

The minimum s a t e l l i t e  separations used f o r  t h e  f i r s t  t h r e e  t e s t  

A l l  m a t r i x  e n t r i e s  are i n  degrees problems 

o f  o r b i t a l  arc. 

are d isp layed i n  Table 1. 

Table 1, Minimum Satellite Separations 

BOL CHL PRG 

ARG 4.17 4.19 4.32 

BOL 4.57 4.04 

CHL 2.00 

PRG 

PRU 

PRU 

1.41 

4.26 

3.94 

1.10 

URG 

4.14 

0.94 

1.59 

2.46 

0.37 
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We assume t h a t  a l l  six satel l i tes  can occupy any loca t ion  between 

80OW and 1lOOW. Target locations, the MIP solution, and the ALP 

solution f o r  three versions o f  this tes t  problem are summarized below 

i n  Tables 2, 3, and 4. All entries i n  these tables are i n  degrees 

west longitude. 

Table 2, Solutions t o  Test Problem 1 

Satel l i te  Locations 

Sate1 1 i t e  Des i red MI P ALP 

ARG 95.0 88.68 105.74 

BOL 95.0 99 . 57 101.57 

CHL 95.0 95.00 97.00 

PRG 95.0 93.00 95.00 

P R U  95.0 91.06 93.06 

URG 95.0 96 . 59 92.54 

Obj .  f n .  
value 18.42 23.71 

CPU sec. 4.01 1.31 
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Table 3. Solutions t o  Test Problem 2 

S a t e l l i t e  Locations 

Satel  1 i t e  Desi red M I P  ALP 

ARG 110.0 101.35 110.00 

BOL 110.0 97.18 104 . 33 
CHL 110.0 105 . 54 99 . 76 
PRG 110.0 107.54 97.76 

PRU 110.0 109.63 108 . 59 
URG 110.0 110.00 105.86 

Obj. f n .  
Val ue 28.76 33.69 

CPU sec. 3.24 1.30 

Table 4, Solutions t o  Test Problem 3 

Satel 1 i t e  Locations 

Satel  1 i t e  Desi red M I  P ALP 

ARG 87.5 88.76 101.26 

BOL 92.5 92.93 92.50 

CHL 97.5 97.50 97 -07 

PRG 87.5 84 . 44 87 . 50 
PRU 102.5 102.50 102.67 

URG 82.5 81.98 82.50 

Obj.  f n .  
value 

CPU sec. 

5.27 14 . 36 
0.69 1.25 
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S i x  d i f f e r e n t  synthesis so lu t i ons  were found. The M I P  model 

produced b e t t e r  s o l u t i o n s  than the ALP model, as measured by o b j e c t i v e  

f u n c t i o n  values. A l l  s i x  synthesis s o l u t i o n s  found keep i n t e r f e r e n c e  

a t  an acqeptable l e v e l .  Levis, Wang, e t  a l .  [lo] r e p o r t  t h a t  t h e  

aggregate co-channel C / I  r a t i o s  computed a t  54 t e s t  p o i n t s  l oca ted  on 

t h e  per imeters o f  t h e  s i x  admin i s t ra t i ons  are a l l  above 27 dB f o r  a l l  

s i x  s o l u t i o n s  found. This  s a t i s f i e s  t h e  goal t h a t  t h e  aggregate C / I  

r a t i o s  f o r  a l l  channels combined should be 25 dB o r  more. It appears, 

then, t h a t  these s a t e l l i t e  separations have indeed served t h e i r  

purpose. 

The s o l u t i o n  t imes f o r  the s i x  examples solved are not  excessive. 

We f i n d  t h a t  t h e r e  are almost no d i f f e r e n c e s  i n  t h e  t imes requ i red  t o  

so l ve  t h e  ALP examples. Solut ion t imes f o r  t h e  M I P  examples e x h i b i t  

much more v a r i a b i l i t y .  As l a r g e r  synthes is  problems are solved, t h e  

s o l u t i o n  t imes f o r  both models w i l l  increase. Mixed i n t e g e r  

progamming s o l u t i o n  t imes are l i k e l y  t o  grow much f a s t e r  and vary much 

more than those f o r  t h e  almost l i n e a r  programs. 

A second t e s t  problem, wi th  13 s a t e l l i t e s  se rv ing  South American 

admin i s t ra t i ons ,  has a l so  been solved us ing  t h e  mixed i n t e g e r  and 

almost l i n e a r  programming formulat ions and t h e  corresponding s o l u t i o n  

techniques. For t h i s  t e s t  problem, a con t r i ved ,  bu t  geographica l ly  

cons i s ten t ,  m a t r i x  o f  required minimum separat ion values was 

constructed. The purpose was no t  t o  develop a p r a c t i c a l  scenar io f o r  

these admin i s t ra t i ons ,  bu t  t o  examine the  growth i n  s o l u t i o n  t ime and 
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the behavior of the objective function as the number of satel l i tes  i s  

increased. The feasible arc for each sa te l l i t e  was assumed t o  be 60OW 

t o  1OOOW. A single-entry co-channel protection r a t i o  of 30 dB was 

used f o r  this test  problem. The desired loca t ions  and solutions 

found ,  i n  degrees west longitude, are summarized i n  Table 5. 

Solu t ion  times f o r  bo th  approaches are greater for th i s  t e s t  

problem. This result i s  expected as the number of sa te l l i tes  has been 

increased. The increase i n  solution time f o r  the M I P  model i s  

substantially greater t h a n  t h a t  f o r  the ALP model, as expected. 

However, the objective function value for the M I P  solution i s  

significantly more attractive t h a n  t h a t  for the ALP solution. I t  i s  

hoped t h a t  discrepancies as large as  this  one wi l l  be atypical, 

especial l y  for problems w i t h  many sate1 1 i tes. 
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Table 5. Thirteen Satellite Test Problem and Solutions 

Service Area 

Braz i  1-1 

Suri  nam/ 
Fr .  Guiana 

Guyana 

Paraguay 

Uruguay 

Argentina 

Braz i  1-2 

Venezuela 

Bo1 i v i  a 

C h i l e  

Colombia 

Peru 

Ecuador 

O b j .  fn.  
Val ue 

Desi red 

Location 

60 . 00 
65.00 

67 . 50 
67 . 50 
67 . 50 
70.00 

75.00 

75.00 

77 . 50 
85.00 

85.00 

87 . 50 
90.00 

M I  P 

Sol u t i  on 

60.00 

65.00 

69.07 

65.04 

67.50 

71 -64 

80.42 

75.00 

75.81 

85.00 

84 . 58 
88.94 

92 . 95 
17.59 

ALP 

Sol u t i  on 

60.00 

64 . 62 
68.69 

68 . 64 
66 . 18 
87.38 

73.20 

77.62 

83.21 

91.57 

91.15 

78.95 

86.87 

55.94 

CPU sec. 34.17 8.40 
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CONCLUSIONS 

The l i t e r a t u r e  shows t h a t  t he re  are many reasonable fo rmu la t i ons  

o f  s a t e l l i t e  system synthes is  problems. A v a r i e t y  o f  o b j e c t i v e s  have 

been used. Some formulat ions may be p r e f e r a b l e  t o  o the rs  f o r  

computational reasons, o r  because a p a r t i c u l a r  f o rmu la t i on  opt imizes a 

p a r t i c u l a r  o b j e c t i v e  o r  combination o f  ob jec t i ves .  

A l l  o f  t h e  formulat ions we have suggested here are made p o s s i b l e  

by app ly ing  a minimum s a t e l l i t e  separat ion concept. They enforce 

s i n g l e - e n t r y  i n t e r f e r e n c e  ob jec t i ves  w h i l e  a t tempt ing t o  f i n d  a 

syn thes i s  s o l u t i o n  which opt imizes an a d d i t i o n a l  c r i t e r i o n .  

Cumbersome non l i nea r  expressions f o r  i n t e r f e r e n c e  r e l a t i o n s h i p s  are 

avoided i n  t h e  op t im iza t i on .  Rather, we use a s e t  of constants t h a t  

f a c i l i t a t e  t h e  use o f  l i n e a r  funct ions o f  dec i s ion  va r iab les  i n  our 

formulat ions.  These constants are minimum p a i r w i s e  s a t e l l i t e  spacings 

t h a t  enforce t h e  i n t e r f e r e n c e  requirements. I n  t h e  approach adopted 

here f o r  numerical examples, t h e  constants are p re -ca l cu la ted  from 

s i n g l e - e n t r y  i n t e r f e r e n c e  cons t ra in t s ;  t h i s  i s  more e f f i c i e n t  

compu ta t i ona l l y  than t h e  repeated i n t e r f e r e n c e  c a l c u l a t i o n s  made i n  

nonl  i near programmi ng approaches [7,9,151 . 
As p a r t  o f  our ongoing research e f f o r t ,  we i n t e n d  t o  i n v e s t i g a t e  

performance o f  t he  branch-and-bound method and t h e  simplex method t h e  

w i t h  RBE on t h e  formulat ions we have recommended here f o r  l a r g e r  

syn thes i s  examples. We a lso hope t o  cha rac te r i ze  t h e  s o l u t i o n s  

ob ta inab le  w i t h  d i f f e r e n t  ob ject ives.  
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